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We have studied the zero-temperature statistics of charge transfer between the two edges of
Quantum Hall liquids with filling factors ν0,1 = 1/(2m0,1+1) forming Mach-Zehnder interferometer.
The known Bethe ansatz solution for symmetric interferometer is used to obtain the cumulant-
generating function of charge at constant voltage V between the edges. Its low-V behavior can
be interpreted in terms of electron tunneling, while its large-V asymptotics reproduces the m-state
dynamics (m ≡ 1+m0+m1) of quasiparticles with fractional (for m > 1) charge and statistics. We
also analyze the transition region between electrons and quasiparticles.
PACS numbers: 73.43.Jn, 71.10.Pm, 73.23.Ad
Mach-Zehnder interferometer (MZI) [1–3] based on the
quantum Hall edge states in the regime of the Fractional
Quantum Hall effect (FQHE), together with quantum an-
tidots [4, 5], provides potentially useful tool [6–8] for the
observation of fractional statistics of FQHE quasiparti-
cles. In contrast to their fractional charge, which has
been confirmed in experiments [4, 9, 10], in particular,
by measuring the Fano factor of a single tunneling con-
tact, there are no generally accepted observations of the
anyonic statistics of the quasiparticles. One of the diffi-
culties is that, in typical experiments, the quasiparticles
are produced at the edges, i.e., they emerge as contin-
uum of gapless excitations described by a 1D field theory
[11]. In this theory, individual quasiparticles are tangible
only asymptotically in a special limit. In the fractional
edge-states MZI this limit occurs at large voltages, when
the edge excitations are quantized by the strong tunnel-
ing potential, and the MZI Hamiltonian [8] is dual to the
usual Hamiltonian of the electron tunneling.
In this work, we calculate the zero-temperature full
counting statistics [12] of the charge transferred be-
tween the two edges of Quantum Hall liquids forming
Mach-Zehnder interferometer (Fig. 1). The high-voltage
asymptotics of this statistics is explained by weak tun-
neling of fractionally charged quasiparticles of anyonic
braiding statistics, which gives rise to the m-state dy-
namics of the MZI as a result of successive changes of the
effective flux through it due to quasiparticle tunneling.
Since the low-voltage charge transfer is still quantized in
electrons, the found counting statistics reflects the effect
of the anyonic phases on electron splitting into quasipar-
ticles with increasing voltage V between the MZI edges.
To characterize this crossover conveniently, we study the
behavior of experimentally observable Fano factor of the
MZI at different voltages. We show, in particular, that
close to complete destructive interference in the inter-
ferometer, the quasiparticle statistics ensures that the
MZI Fano factor retains its electronic value 1 for all volt-
ages, including the quasiparticle tunneling range. Away
from this regime, the Fano factor can reach the quasi-
paticle value 1/m at large voltages, and exhibits non-
monotonic voltage dependence with a minimum indicat-
ing the crossover between electrons and quasiparticles.
Our calculations start with the electronic model of
MZI (Fig. 1) with two single-mode edges of filling factors
ν0,1 = 1/(2m0,1+1), and m0 ≥ m1 ≥ 0. In the standard
bosonization approach [11], electron operator ψl of the
edge l is ψl = (D/2pivl)
1/2ξl exp{i[φl(x, t)/√νl + klx]},
where φl are the two chiral right-propagating bosonic
fields, which satisfy the usual commutation relations
[φl(x), φp(0)] = ipisgn(x) δlp. The Majorana fermions ξl
account for mutual statistics of electrons in the oppo-
site edges, and D is a common energy cut-off of the edge
modes. The Fermi momenta kl correspond to the average
electron density in the edges, while the density fluctua-
tions are: ρl(x, τ) = (
√
νl/2pi)∂xφl(x, τ).
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FIG. 1: Mach-Zehnder interferometer considered in this work:
two contacts with tunneling amplitudes Uj formed at points
xj , between single-mode edges with different filling factors ν0
and ν1. The arrows show propagation direction of the edges.
In the symmetric interferometer with equal times of
propagation between the contacts along the two edges, it
is convenient to introduce the tunneling field φ(x):
φ(x) ≡ [√ν1φ0(x) −√ν0φ1(x)]/
√
ν0 + ν1 . (1)
2The Lagrangian for electron tunneling at points x = x1,2
is expressed then in terms of this field:
Lt =
∑
j=1,2
(DUj/pi) cos[λφ(xj) + κj] , (2)
where Uj and κj are the absolute values and the phases
of the dimensionless tunneling amplitudes, the products
of the Majorana fermions ξ1ξ2 were omitted, since they
cancel out in each perturbative order due to charge con-
servation, and λ ≡ (ν−10 +ν−11 )1/2 =
√
2m. In the absence
of tunneling, the field φ is a free chiral right-propagating
bososnic field. When Lt is non-vanishing, φ undergoes
successive scattering at the points x1,2 which breaks the
charge conservation and creates a tunneling current. The
phases κj in (2) include the contributions from exter-
nal magnetic flux Φex and from the average electron
numbers N0,1 on the two sides of the interferometer:
κ2−κ1 = 2pi(Φex/Φ0)+(N0/ν0)−(N1/ν1)]+const ≡ −κ.
The voltage V between the edges can be introduced as a
shift of the incoming field: φ0−√ν0V t, which translates
into the following shift of φ→ φ− V t/λ.
A thermodynamic Bethe ansatz solution known [13] for
one point-contact with λ2 = 2m can be generalized [8] to
the tunneling at two contacts by successive application
of boundary S-matrices [14] to the bosonic field excita-
tions: kinks, antikinks, and breathers. For charge trans-
port, only transitions between the kinks and antikinks
are important, and their S-matrices are:
S±±j,k =
(ak/TjB)
m−1eiαj,k
1 + i(ak/TjB)m−1
,S−+j,k =
ei(αj,k−κj)
1 + i(ak/TjB)m−1
.
Here, the energy scales TjB characterize the tunneling
strength at the jth contact (explicit relation to the elec-
tron tunneling amplitudes as follows from the perturba-
tive calculations [8, 13] is given next to Eq. (11)), and
a ≡ 2v√piΓ(1/[2(1− ν)])/[νΓ(ν/[2(1− ν)])] .
At zero temperature, kinks fill out all available “bulk”
states with momentum k and distribution ρ(k) up to
some momentum A defined by the applied voltage. Each
kink with momentum k undergoes successive scattering
at the two contacts described by the product of the two
boundary S-matrices, independently of other quasipar-
ticles. Therefore, the large-time t asymptotics of the
cumulant-generating function lnP (ξ) (logarithm of the
Fourier transform of the probability distribution of trans-
ferred charge, which we measure in units of electron
charge e = 1) is expressed as a sum of independent con-
tributions ln p(k, ξ) from individual momentum states:
lnP (ξ) = t
∫ A
0
dkρ(k) ln p(k, ξ) , (3)
where p(k, ξ) is expressed as usual,
p(k, ξ) = 1 + τC(k)(e
iξ − 1) (4)
through the total transition probability τC(k) of kink
with momentum k into antikink. With parametrization
(TjB/a)
2 ≡ exp{θj/(m− 1)}, it can be written as
τC(k) = |(Sˆ2Sˆ1)−,+|2 = B(τ(θ2, k)− τ(θ1, k)), (5)
through the transition probability in one contact
τ(θj , k) = |Sˆ−,+j |2 = [1 + k2(m−1)e−θj ]−1 ,
and the factor characterizing interference:
B(TjB , κ) = |Tm−11B + Tm−12B eiκ|2/[T 2(m−1)2B − T 2(m−1)1B ] .
Below, we take θ2 ≥ θ1, and write θj as θ2,1 = θ¯ ±
∆θ0 with dimensionless ∆θ0 ≥ 0, i.e., exp{∆θ0} =
(T2B/T1B)
m−1.
The aim of our subsequent derivation is to find the
cumulant-generating function lnP (ξ) in terms of the two
generating functions lnPS for charge transfer in a single
contact found from the Bethe ansatz solution by Saleur
and Weiss [15]. This derivation does not need the explicit
form of ρ(k) and A which can be found in [13]. Following
the approach for one contact, we first relate lnP (ξ) in
Eq. (3) to the effective tunneling current. To do this, we
introduce the generalized tunneling probability
τC(u, k) ≡ [1 + (τ−1C (k)− 1)e−u]−1 , (6)
defined so that with the substitution τC(k) → τC(u, k)
in Eq. (4), one has the following identity:
(−i∂ξ)j ln p(k, ξ)|ξ=0 = (∂u)j−1τC(u, k) ,
which shows that the cumulant-generating function is in-
deed related to a tunneling current defined by τC(u, k):
∂iξ lnP (u, ξ)/t =
∫ A
0
dkρ(k)τC(u+ iξ, k) ≡ I(u+ iξ, V ) .
Substituting Eq. (5) into (6), one finds τC(u, k) as differ-
ence of the single contact transition probabilities τ(θ¯ ±
∆θ(u), k), where ∆θ(u) > 0 is defined by the equation
cosh∆θ(u) = cosh∆θ0[1 +R(e
u − 1)] , (7)
with R ≡ B tanh∆θ0. Further substitution of τC(u, k)
into the definition of I(u, V ) results in the formula
I(u, V ) = ∂u∆θ(u)
∑
±I1/m(θ¯ ∓∆θ(u), V ) , (8)
which gives the derivative of the generating function in
terms of the tunneling current I1/m(θ, V ) in one single-
point contact as found from the Bethe ansatz solution
[13]. Finally, integration of (8) over u presents lnP (ξ) =
lnP (u, ξ)|u=0 as the sum of two generating functions
lnPS for charge transfer in a single contact:
lnP (ξ) =
∑
j=1,2
lnPS
(
V/TjB, e
(−1)j−1(∆θ(iξ)−∆θ0)
)
, (9)
3defined [15] by the low- and high-voltage expansions:
lnPS(s, e
iξ)
σ0V t
=
∞∑
n=1
cn(m)
mn
s2n(
1
ν
−1)(einξ − 1), s < e∆,
= iνξ +
∞∑
n=1
cn(ν)
n
s2n(ν−1)(e−inνξ − 1), s > e∆, (10)
cn(ν) = (−1)n+1 Γ(νn+ 1)Γ(3/2)
Γ(n+ 1)Γ(3/2 + (ν − 1)n) .
Here e∆ = (
√
ν)ν/(1−ν)
√
1− ν, and σ0 is the conductance
quantum. Although Eq. (9) seems to suggest that the
charge transfer process in the MZI is divided into two in-
dependent processes associated with two contacts of the
MZI, such a division is not complete. Each charge trans-
fer in Eq. (10) triggers multiple transfers in two contacts
as reflected in Eq. (7) for ∆θ(u) which enters Eq. (9).
At small voltages, V < T1,2Be
∆, the two low-voltage
expansions in Eq. (9) can be combined as follows:
lnP (ξ)
V tσ0
=
∞∑
n=1
cn(m)
mn
∑
j
(V/TjB)
2n(m−1)
·([cosh(n∆θ(iξ))/ cosh(n∆θ0)]− 1) . (11)
One can use here the standard expression for
cosh(n∆θ(iξ)) as a polynomial of cosh(∆θ(iξ)), which
is, according to Eq. (7), a linear function of eiξ. This
shows that, in general, the nth term in Eq. (11) con-
tains transfers of all numbers of electrons up to n. When
T2B ≫ T1B, one finds R → 1 in Eq. (7), and the
transfer statistics (11) approaches that of one point con-
tact [15], specifically the contact with the largest elec-
tron tunneling amplitude U1, related to T1B by TjB =
2D(Γ(m)/Uj)
1/(m−1). In this case, the nth term in the
voltage expansion series of the statistics describes the
transfer of exactly n electrons. In the lowest order in V ,
the MZI statistics (11) reduces to the Poisson distribu-
tion, with the factor in front of (eiξ − 1) equal to the
average electron tunneling current [8].
At large voltages, V > T1,2Be
∆, steps similar to those
in the low-V case, give:
lnP (ξ)
V tσ0
=
∞∑
n=1
cn(1/m)
n2n/m
[∑
j
(TjB
V
)2(m−1)] n
m
∑
±
[
1 +R
·(z − 1)± ([1 +R(z − 1)]2− cosh−2∆θ0)1/2
] n
m
∣∣∣z=e
iξ
z=1
.(12)
Again, for T2B ≫ T1B, the transfer statistics (12) coin-
cides with that of one point contact [15], but now with
the largest quasiparticle tunneling amplitude W2 related
to T2B, by TjB = 2mD(Wj/Γ(1/m))
m/(m−1). The nth
term in the expansion (12) corresponds to transfer of in
general fractional charge n/m by n-quasiparticle. How-
ever, the large-voltage asymptotics (the n = 1 term) of
the generating function (12) can not be interpreted as a
Poisson process of the lowest-order tunneling of individ-
ual quasiparticles of charge 1/m. The reason for this is
that the tunneling of each quasiparticle changes the in-
terference phase by the statistical contribution 2pi/m [16]
and therefore the tunneling rate of the next quasiparticle.
The appropriate description of such a dynamics of m
phase states with different tunneling rates γl should be
based, as usual, on the kinetic equation for probabilities
to find MZI in one of the states, l = 0, ..., m − 1. The
equation can be written conveniently [17] in terms of the
m dimensional vector-function Ql(z, t) =
∑
n dl,nz
n/m,
where z = eiξ, and dl,n are the probabilities to have MZI
in state l and n tunneled quasiparticles:
∂tQl(z, t) =
∑
k
M(z)l,kQk(z, t) , (13)
where the transition matrix M(z)l,k is
M(z)l,k = −γlδl,k + γkz1/mδl,k−1 , (14)
with the Kronecker symbol δl,k defined modulo m. In
what follows, we show that the leading large-V term of
the generating function (12) gives the same quasiparti-
cle tunneling statistics as the kinetic equation (13). By
doing this, we also extend this equation to the situation
of different edge filling factors, when, as shown below,
the quasiparticle exchange statistics creates an additional
shift (m− 1)pi/m of the common interference phase.
We note first that the large-V limit of Eq. (9) is ex-
pressed through the quasiparticle amplitudes Wj as
lnP (z) = tK[2W1W2 cosh(∆θ(z)/m)−W 21 −W 22 ] , (15)
where K ≡ σ0V (2mD/V )2(m−1)/mc1(1/m)/Γ2(1/m).
On the other hand, kinetic equation (13) gives [18] the
same generating function as lnP (z) = tΛ, where Λ is the
maximum eigenvalue of the transfer matrix (14), i.e., the
solution that goes to zero at z → 1 of the equation
∏
l
(γl + Λ)− z
∏
l
γl = 0 . (16)
To see the equivalence of the two results we look for
a general solution of Eq. (16) with the tunneling rates
γl in the form γl = K|W1 +W2 exp{iφl}|2, where φl =
φ + 2pil/m with some unknown φ. Substituting these
expressions into (16) and using the two identities,
xm − 1 =
∏
l
(x− ei2pil/m) (17)
2m−1
∏
l
(cosφl+cosh(
∆θ
m
)) = [cosh∆θ−(−)mcos(mφ)] ,
where the second follows from the first, one confirms that
Λ = lnP (z)/t (15) solves Eq. (16) if
cosh∆θ = (−)m cos(mφ) + z
2
∏
l
γl
KW1W2
.
4Calculating the RHS of this equation again with the help
of Eq. (17), one can see that it gives precisely the defini-
tion of cosh∆θ(z) (7), if φ is taken as
φ = κ/m+ (m− 1)pi/m . (18)
This equation shows that besides the statistical shift
2pi/m of the interference phase between the MZI states l
and l+1, the quasiparticle exchange statistics also shifts
the common phase φ from the externally-defined value
κ/m. This deviation of φ from κ/m is not important if
m is odd. However, for even m this shift changes the
“spectrum” of the interference phases φl. This ensures
that there is no shift of the interference pattern of the
tunnel current, e.g., its Fano factor (see below), between
electron and quasiparticle regimes.
So far, we have established the dynamics of electron
and quasiparticle tunneling that underlies the respec-
tive small- and large-voltage limits of the charge transfer
statistics. Now we focus on the full range of the voltage
dependence of the cumulants associated with this statis-
tics to study the crossover between the two asymptotic
regimes. The cumulants are defined by Eq. (8) as
〈N j(t)〉c/t = ∂j−1u I(u, V )|u=0 . (19)
The first cumulant, I ≡ I(0, V ) = 〈N(t)〉/t, is the aver-
age tunneling current I, while the second cumulant is the
spectral density of the current fluctuations at zero fre-
quency SI(0) ≡ 〈N2(t)〉c/t, which at zero temperature
reflects the shot noise associated with charge transfer.
Equation (19) gives for this cumulant:
SI(0) = (1−B coth∆θ0)I−B2
∑
j=1,2
∂θI1/m(θj , V ) . (20)
The Fano factor F = SI(0)/I reflects both the charge
and statistics of the tunneling excitations and illustrates
the transition between the electron and quasiparticle
regimes in MZI. In the low-voltage limit, F = 1 as a
result of the regular Poisson electron tunneling. In the
quasiparticle, large-voltage, limit, we have from Eq. (20),
F = 1−|W
m
1 +W
m
2 e
iκ|2
W 2m2 −W 2m1
{W 2m2 +W 2m1
W 2m2 −W 2m1
− 1
m
W 22 +W
2
1
W 22 −W 21
}
.
This Fano factor corresponds to the dynamics of quasi-
particle tunneling as described by the kinetic equation
(13). Because of the complex nature of this dynamics
characterized by m different rates γl, F is not equal sim-
ply to the quasiparticle charge 1/m but varies as a func-
tion of parameters between 1/m and 1. This variation is
illustrated most clearly by the case m = 2, when
F = 1− |W 21 +W 22 eiκ|2/[2(W 21 +W 22 )2] .
For κ = 0, the phase shift (18) is such that the two quasi-
particle tunneling rates coincide, γ1 = γ2, regardless of
the ratio of the amplitudes Wj . Then F = 1/2 demon-
strating explicitly the quasiparticle charge 1/2. Even in
the quasiparticle regime, F reduces to electron value 1,
if W1 ≃ W2 and κ = pi. In this case, one of the rates
γ is much smaller than the other, and on the large time
scale set by the smaller rate, the quasiparticles effectively
tunnel together, restoring F back to 1.
For larger m, the Fano factor F can be calculated nu-
merically. Figure 2 shows F form = 3, e.g., for tunneling
between the two ν = 1/3 edges. The curves are shown for
different degrees of asymmetry between the two contacts,
and for two values of the interference phase: κ = 0, and
κ = pi. Similarly tom = 2, destructive interference drives
F to its electron value 1 at all voltages. The transition re-
gion between electrons and quasiparticles is indicated by
the minimum of the Fano factor, with F decreasing even
below the “pure” quasiparticle value 1/m. For symmet-
ric junctions, such small value of F can be understood as
a result of screening of the charge transfer in one contact
by the other contact.
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FIG. 2: The zero-temperature Fano factor F of the Mach-
Zehnder interferometer formed by two ν = 1/3 edges, as a
function of the bias voltage V for different degrees of asym-
metry, T1B/T2B , of the two contacts. The solid/dashed lines
show the two values of the interference phase: κ = 0 and
κ = pi, respectively. The curves illustrate the transition from
the electron regime F = 1 at small voltages to the quasipar-
ticle m-state tunneling dynamics at large voltages.
In conclusion, starting from the exact solution of the
tunneling model of symmetric Mach-Zender interferom-
eter in the FQHE regime, we have calculated the statis-
tics of the charge transfer between interferometer edges.
The statistics shows the transition from electron tunnel-
ing at low voltages to tunneling of anyonic quasiparticles
of fractional charge e/m and statistical angle 2pi/m at
large voltages. Electron tunneling is characterized by the
standard Poisson process. Dynamics of quasiparticle tun-
neling is more complicated and reflects the existence of
m degenerate phase states of the interferometer. Quasi-
particle braiding statistics shifts the common interference
phase by (m−1)pi/m in these states, and also changes the
phase by 2pi/m from state to state. Crossover between
5electrons and quasiparticles manifests itself as minimum
of the Fano factor of the tunneling current.
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